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Np 21603  21603  

Box Size 685 Mpc 137 Mpc

Mass Resolution 1.2 x 109 Msun 9.4 x 106 Msun

Force Resolution 6.85 kpc 1.37 kpc

# of citations ~1300 ~125

# of citations/Gpc3 ~4050 ~48000

~1500 ~190

~4700 ~74000

(as of August 2011, today)
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Primary Science Goals for Millennium-II

• Statistical understanding of the assembly, properties, and substructure 
of galaxy-mass dark matter halos

‣ Needed for resolving the Milky Way and its bright satellites directly: Np =105 

‣ Good statistics: need >1000 halos

‣ Together, these set minimum requirement for MS-II (>100 Mpc, Mp < 107 Msun) 

‣ Bonus: use same initial conditions as run from which Aquarius halos were 
selected ⇒ Aquarius halos are present in MS-II as well

• Complement and extend Millennium Simulation in this regime

‣ where does numerical resolution become an issue?

‣ what changes are needed in galaxy formation models (c.f. Qi, Bruno)?

‣ make predictions about satellite / galaxy pairs down to SMC scale
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Half-mass formation times1160 M. Boylan-Kolchin et al.
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Figure 10. Halo bias at redshift zero. We combine results from the MS-II
(filled circles) and the MS (open squares) to explore bias from 10!4 to
10 M!. As expected, the bias decreases as the halo mass decreases, reaching
b(M!) " 1. At very low masses (Mv/M! ! 2 # 10!2 or " ! 0.55), the bias
reaches an asymptotic value of 0.65.

with the data over the range plotted, though it slightly underpredicts
the bias at M > M! and slightly overpredicts it at M < M!. These
differences are only at the 5 per cent level, however.

5 H A L O FO R M AT I O N

5.1 Formation times

The hierarchical nature of #CDM models means that the typical for-
mation redshift zf of haloes with mass M is a decreasing function of
M. The form of the relation between zf and M and its intrinsic scatter
are important for a number of applications, such as understanding
how well galaxy properties can be predicted by halo mass alone,
and how well a halo’s history can be predicted from its present-day
properties. Such characterizations are complicated by the fact that
the most useful definition of the formation time depends on the
question one is asking.11 For example, the innermost region of a
halo – where the galaxy resides – typically assembles much earlier
than the outer regions, which contain most of the mass (Zhao et al.
2003b; Gao et al. 2004a).

One of the simplest definitions of formation redshift is the time at
which a halo’s main progenitor reaches a fixed fraction of its present-
day mass. We use the merger trees described in Section 2.3 to trace
each FOF halo back in time and define its formation redshift zf as
the first redshift at which one of the halo’s progenitors reached half
of the halo’s redshift zero mass (we interpolate between snapshot
redshifts to obtain zf ). This ‘half-mass’ formation time is the most
common choice of formation time in the literature. We use Mv as
the definition of halo and progenitor mass when estimating such
formation times (we have checked that the following results are
insensitive to halo mass definition).

11 See e.g. Li, Mo & Gao (2008) for several possible definitions of zf .
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Figure 11. Mean half-mass formation redshift as a function of mass for
haloes from the MS-II (filled blue squares) and the MS (open red squares).
We also show the relation for the 16 per cent earliest and latest forming
haloes (dashed lines) and the best-fitting linear relation between log (1 + zf )
and log Mv [black dotted line; see equation (11) for the fitting parameters].
This fit deviates from the mean relation by less than 2 per cent over the
entire range of masses plotted.

In Fig. 11, we show the mean relation between halo mass Mv and
formation time zf . In order to determine what mass is required for
converged results, we compute zf from the MS and compare with
the MS-II. We find that the two simulations are in excellent agree-
ment above a redshift zero mass of 1011 h!1 M$, corresponding
to approximately 150 particles in the MS. This is the convergence
limit we adopt, so we consider all haloes with masses greater than
109 h!1 M$ in the MS-II. We only include haloes that SUBFIND de-
termines to be bound, although in practice, this restriction makes
almost no difference as the fraction of subhaloes with N p > 100
that are unbound is very small. Over the entire range where halo
formation can be resolved [9 % log10(Mv/h

!1 M$) % 14.7], a sim-
ple linear fit in log(1 + zf ) versus log(Mv) provides an excellent
description of the data:

1 + zf = 2.89
!

Mv

1010 h!1 M$

"!0.0563

. (11)

The maximum deviation between the binned data and equation (11)
is 1.8 per cent over the entire region where: (1) there are at least 100
haloes per bin; and (2) haloes have at least 125 particles. The 1$

scatter in the relation, defined as half of the logarithmic difference
between the 84th and 16th percentiles of the data (which are shown
in dashed lines in Fig. 11), decreases gradually from $ log 1+z = 0.3
to 0.2 as Mv increases from 109 to 5 # 1014 h!1 M$.

Neto et al. (2007) previously studied the relation between median
zf and halo mass for a set of relaxed haloes from the MS. Their fit is
similar to ours, although the parameters differ slightly (their expo-
nent is !0.046 and their normalization is approximately 2.74 using
our form of the fitting formula) due presumably to the selection cri-
teria used for the haloes they studied, their use of M200 rather than
Mv , and the difference between the median and the mean relation.
McBride, Fakhouri & Ma (2009) have also recently computed the
formation times of massive haloes from the MS and fitted to the

C& 2009 The Authors. Journal compilation C& 2009 RAS, MNRAS 398, 1150–1164
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Subhalo abundance
1156 M. Boylan-Kolchin et al.
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Figure 3. Subhalo assembly histories in the MS-II and mini-MS-II. The
upper set of curves shows the mass in the main progenitor branch of the
most massive z = 0 FOF group for the MS-II (black) and mini-MS-II
(magenta), while the lower set of curves shows main progenitor histories for
subhaloes that are accreted on to the FOF group of the cluster at z ! 2 (solid
lines) and z ! 3 (dashed lines). The horizontal dotted line shows the mass
resolution of MS and mini-MS-II, while the vertical dotted and dot–dashed
lines show the epochs at which the smaller haloes joined the FOF group of
the main cluster in the MS-II.

subhaloes are subjected to strong tides that vary rapidly in time,
can be extremely difficult to capture accurately in simulations of
differing resolution. The excellent agreement between the lower
magenta and black curves demonstrates that the subhaloes have the
same dynamical histories, are assigned the same masses and are
linked in the same way by the merger trees in the two runs.

Fig. 3 also illustrates resolution limitations. As tides strip mass
from the subhaloes, they are lost from the mini-MS-II catalogue and
are considered to have merged with the dominant subhalo, while
they persist as independent subhaloes to z = 0 at the significantly
enhanced resolution of the MS-II. The high resolution of the MS-
II is required to study the fates of subhaloes hosting low-mass
galaxies within larger structures: note that the maximum masses
– approximately 6 " 1011 h#1 M$ – of A and B are quite large,
larger than the halo masses of likely Milky Way progenitors at the
redshift of accretion into the massive halo. A and B are therefore
likely to host galaxies of stellar mass comparable to that of the
Milky Way. At mini-MS-II resolution (i.e. MS resolution), it is not
possible to follow the dynamics of these subhaloes past z ! 1.5
for subhalo B or z ! 0.5 for subhalo A, by which redshifts their
masses have dropped below 1011 h#1 M$. The MS-II captures the
later dynamical history of both subhaloes, even though subhalo A
(subhalo B) retains only 0.06 per cent (1.1 per cent) of its maximum
mass at z = 0. Note that these final masses are considerably smaller
than the likely stellar masses of the associated galaxies, so it remains
unclear how realistic the late-time dynamical evolution actually is
in MS-II.

We can also consider the statistical agreement between the
MS-II and mini-MS-II by comparing stacked subhalo abundances
as a function of host halo mass. Fig. 4 shows the mean number
of subhaloes per host halo in five host halo mass bins for the two
simulations. Resolution effects reduce the number of subhaloes at
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Figure 4. The mean cumulative subhalo abundance per parent halo in the
MS-II (solid curves) and mini-MS-II (dashed curves) in five parent halo
mass bins. The curves for each simulation are plotted down to the 20 particle
resolution limit. There is a deficit in subhaloes at this limit in mini-MS-II
relative to the MS-II due to resolution. At three to five times the minimum
resolution limit, however, the two simulations agree very well, indicating
that subhaloes with more than 100 particles are reliably resolved.

a given subhalo mass in mini-MS-II (dashed curves) relative to the
MS-II (solid curves) for subhaloes with few particles: at the mini-
mum resolvable mass of 20 particles in mini-MS-II, the abundance
of subhaloes is reduced by approximately 30 per cent relative to the
MS-II. The results from the two simulations are in excellent agree-
ment for more massive subhaloes (M sub > 1011 h#1 M$), show-
ing that subhaloes containing at least 50–100 particles are reliably
resolved.

3 STAT I S T I C S O F TH E D E N S I T Y F I E L D

3.1 Power spectrum

At comoving position x and time t, the mass density field can be
expressed as

!(x, t) = !̄(t) [1 + "(x, t)] . (3)

In the standard picture of structure formation in a CDM universe,
the initial density fluctuation field "(x, 0) is taken to be a Gaussian
random field. Its statistical properties are therefore fully specified
by its power spectrum P(k) or equivalently its dimensionless power
spectrum #2(k),

#2(k) % k3

2$ 2
P (k) . (4)

#2(k) measures the power per logarithmic interval in wavenumber;
#2(k) ! 1 therefore indicates that fluctuations in density on scales
near wavenumber k are of the order of unity.

The dark matter power spectrum from the MS-II is shown in
Fig. 5. We plot the results at four redshifts: z = 0 (black curves), 0.99
(magenta), 2.07 (green) and 6.20 (cyan). On large physical scales
(small wavenumber k), the power spectrum follows the prediction
from linear theory (light grey lines). As time progresses, larger and
larger physical scales become non-linear and the small-scale power

C& 2009 The Authors. Journal compilation C& 2009 RAS, MNRAS 398, 1150–1164

Solid: MS-II
Dashed: mini-MS-II
(resolution of Millennium)
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Resolution and semi-analytics

• Mass function based on infall 
mass indicates mass functions are 
complete only for ~2000 
particles and greater (!!!!!)

• Numerical suppression of halo 
mass function leads to better, but 
artificial, agreement between 
galaxy luminosity function and 
halo mass function at faint end

• With Millennium + Millennium-II: 
can resolve all halos having 
log10(M/Msun) > 10, i.e., full 
galaxy population observable 
outside of the Local Group

How do galaxies populate dark matter haloes? 1113

can resolve the dark matter haloes predicted to host even the faintest
known dwarf galaxies.

For each of the output dumps, friends-of-friends (FOF) groups
are identified in each simulation by linking together particles sep-
arated by less than 0.2 of the mean interparticle separation (Davis
et al. 1985). The SUBFIND algorithm (Springel et al. 2001) was then
applied to each FOF group in order to split it into a set of dis-
joint, self-bound subhaloes, which represent locally overdense and
dynamically stable subunits within the larger system. The main
subhalo is defined as the most massive self-bound subunit of an
FOF group and normally contains most of its mass. Merger trees
were then built which link each subhalo present in a given dump
to a unique descendent in the following dump. These allow us to
track the formation history of every halo/subhalo present at z =
0. We refer readers to Springel et al. (2005) and Boylan-Kolchin
et al. (2009) for a more detailed description of these simulations
and post-processing procedures.

In this work, we assume that both main subhaloes and satellite
subhaloes have galaxies at their centres, and that the stellar masses
of these galaxies are directly related to the maximum dark matter
mass ever attained by the subhalo during its evolution. We denote
this mass by Mhalo. In practice, this mass is usually the mass at z = 0
for main subhaloes and the mass just prior to accretion for satellite
subhaloes. Semi-analytic simulations show that for satellite systems
this latter mass is much more closely related to the stellar mass of
the central galaxy than is the z = 0 mass of the subhalo, because the
latter has often been very substantially reduced by tidal stripping
(Gao et al. 2004; Wang et al. 2006; Font et al. 2008). Vale & Ostriker
(2004), Conroy et al. (2006) and Berrier et al. (2006) present general
plausibility arguments for such an assumption rather than studying
any specific galaxy formation model. We thus need to estimate the
abundance of (sub)haloes in the MSs as a function of this Mhalo.

For each FOF group, we define the centre as the minimum of the
gravitational potential well, and we define the virial radius, Rvir, as
the radius that encloses a mean overdensity of 200 times the critical
value. The mass within Rvir is then defined as the virial mass:

Mhalo = 100
G

H 2(z)R3
vir. (1)

We define Mhalo for a main subhalo to be its current virial mass,
and for a satellite subhalo to be its virial mass immediately prior
to accretion on to a larger system, i.e. its virial mass immediately
before it last switches from being a main subhalo to a satellite
subhalo. Hereafter, we refer to both main subhaloes and satellite
subhaloes as ‘haloes’, and we refer to Mhalo defined in this way as
the ‘halo mass’.

Fig. 1 shows halo mass functions for the two MSs at z = 0.
Black triangles refer to the MS and red dots to the MS-II. The two
simulations agree well above 1012.3 M! but below this threshold,
the MS lies progressively below the MS-II. This is due to resolution
effects, which set in at substantially higher masses than for the
FOF halo mass function in fig. 9 of Boylan-Kolchin et al. (2009)
because of the inclusion of satellite subhaloes. These can fall below
the resolution of the MS at z = 0 yet still be relatively massive at
the time of infall. In the following, we combine the part of the MS
mass function with Mhalo > 1.9 " 1012 M! with the part from the
MS-II with Mhalo < 1.9 " 1012 M! in order to represent the overall
dark halo mass function as well as possible. Based on the deviations
between the two simulations visible in Fig. 1, we estimate that the
resulting function should be accurate to better than about 10 per cent
from 1010 M! up to 1015 M!. This will turn out to cover the full
halo mass range of relevance for real galaxies.

Figure 1. Dark matter halo mass functions at z = 0 where ‘halo’ is defined
to include both main subhaloes and satellite subhaloes. Halo mass, Mhalo, is
defined as the current virial mass for main subhaloes and as the virial mass
immediately prior to accretion for satellite subhaloes. In both cases, this
is normally the maximum mass attained over the subhalo’s history. Black
triangles are for the MS and red dots are for the MS-II. Poisson error bars
based on halo counts are shown for both simulations.

3 G A L A X Y FO R M AT I O N E F F I C I E N C Y

3.1 Connecting Galaxies to dark matter haloes

We connect dark halo mass Mhalo to the stellar mass of the cen-
tral galaxy by assuming a one-to-one and monotonic relationship
between the two. In practice, if the number density of dark matter
haloes with mass exceeding Mhalo matches the number density of
galaxies with stellar mass exceeding M#,

n(> Mhalo) = n(> M#), (2)

then we assume galaxies of stellar mass M# to reside at the centre
of dark matter (sub)haloes of mass Mhalo.

To derive the relation between Mhalo and M#, we need to combine
the halo mass function of Fig. 1 with an equally precise observed
stellar mass function for galaxies. We take the recent measure-
ment presented by Li & White (2009). This is based on a com-
plete and uniform sample of almost half a million galaxies from
the SDSS/DR7 (York et al. 2000; Abazajian et al. 2009). This ex-
tends over almost four orders of magnitude in stellar mass (108–
1011.7 M!) with very small statistical errors. The main residual un-
certainty comes from possible systematic errors in the determination
of stellar masses from the SDSS photometry. Here we convert from
masses based on SDSS r-band Petrosian luminosities, as used by
Li & White (2009), to masses based on SDSS r-band ‘model’ lu-
minosities. The latter are generally thought to give a better estimate
of the total luminosity of galaxies. This conversion is discussed in
detail in Appendix A, which also gives a modified version of the
fitting formula of Li & White (2009) which represents this ‘total
stellar mass’ function. The correction increases stellar masses by
about 9 per cent on average. If we leave aside uncertainties in the
stellar initial mass function (IMF) then results in Appendix A and
in the appendices of Li & White (2009) suggest that the remaining
systematic uncertainty in the stellar mass functions are of the order

C$ 2010 The Authors. Journal compilation C$ 2010 RAS, MNRAS 404, 1111–1120
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Satellite kinematics in the nearby Universe

SDSS: spectroscopically complete to Mr =-18.3 (~LMC) within z=0.034; 
this volume matches Millennium-II very well. The Astrophysical Journal, 738:102 (14pp), 2011 September 1 Tollerud et al.

Figure 1. Examples of SDSS primary/secondary pairs in the clean sample (upper) and false pairs (lower). Secondaries identified by our criteria (see the text) are
marked with red circles (upper panels) or magenta triangles (lower panels). The upper three are all in the clean sample (have redshifts close to the primary) and span
a range of projected separations. For the lower three images, blue circles are SDSS pipeline photometric objects, clearly showing the identification of H ii regions as
photometric objects. For these same lower three, the secondaries are clearly H ii regions in the primary (or satellites that are indistinguishable from H ii regions). We
visually identify and remove all pairs of this kind from our sample.
(A color version of this figure is available in the online journal.)

isolated primary is then defined as having at most one primary
within this distance, and if such a companion is present, it cannot
be within 355 kpc. As estimated using cosmological simulations
in Section 3.3, this criterion results in !90% of the secondaries
being true satellites, or a contamination of !10%, while still
maintaining a large sample.

With a sample of isolated primaries in hand, we then identify
the nearest galaxy fainter than this boundary, but more luminous
than the limit for secondaries ("20.8 < Mr < "18.3), and label
this the secondary if it is within 355 kpc projected. For this step,
we assume that the redshift of the secondary is that of the host
to determine absolute magnitudes and physical distances. This
defines our “full” sample of primary/secondary galaxies. To
clean this sample of foreground/background galaxies that only
appear associated with the primary in projection, we filter this
sample such that the redshift of the secondary be measured (the
“any z” sample) and also require the secondary’s redshift to be
within 500 km s"1 of the primary. This defines our main sample
of primary/secondary pairs (hereafter referred to as the “clean”
sample), three of which we show in the upper panel of Figure 1.
The remaining samples are determined by not including various
steps of this procedure, and are specified in Table 1.

One final filtering step is necessary due to imperfections in
the SDSS photometric pipeline. For nearby bright galaxies (a
significant portion of our primary sample), individual H ii re-

gions in a star-forming disk are sometimes classified as separate
objects in the SDSS pipeline, as shown in the lower panel of
Figure 1. Because these H ii regions are extended sources and
have redshifts matching the host, they are included in all sec-
ondary samples, including the clean sample. Fortunately, this
effect is only significant out to separations of !10 kpc, so there
are a small enough number of possible such pairs (!50) that
they can be removed by visual examination. All samples be-
low have been cleaned of these H ii regions. This process is not
ideal, as it may remove faint satellites that truly are present, but
are superimposed over a disk and thus appear indistinguishable
from an H ii region. Alternatively, some secondaries may be
hidden from view by being behind the primary. Thus, removing
apparent H ii regions may result in undercounting satellites at
small projected separations. Fortunately, this is only of conse-
quence for dproj ! 10 kpc, representing only !0.3% of a typical
primary’s dark matter halo volume. Hence, these undercount-
ing effects are not significant relative to Poisson errors in the
discussion below.

The clean selection criteria define a sample of galaxy pairs
that are isolated from other luminous galaxies, and composed of
a !L# primary with a nearest satellite with L ! LLMC. We show
the g"r, Mr color–magnitude diagram (CMD) in Figure 2, with
the clean sample represented by the red (primary) and white
(secondary) points plotted over all isolated primaries (above

3

SDSS Millennium-II

Use MS-II to maximize purity / completeness of satellite-host pairs

Tollerud, MBK, Barton, Bullock, & Trinh (2011)



Satellite kinematics in the nearby Universe

Tollerud, MBK, Barton, Bullock, & Trinh (2011)
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FIG. 6.— Distribution of �v ⇥ c(zpri � zsec) for the clean sample (solid
blue histogram), the clean-like sample from MS-II (dashed green). The KS
test yields pKS = 33%. The pairwise velocity dispersion in the observed
sample is � = 161 km s�1.

Kolmogorov-Smirnov (KS) statistic between the two distri-
butions. This test shows that the simulation and observations
are consistent, with a pKS = 33% probability of the observed
KS D statistic if they are drawn from the same distribution.
Thus, the relative line-of-sight velocities in SDSS for likely
bright satellites around L� hosts are fully consistent with the
predictions of �CDM.

4.3. Luminosity Function
In §4.1, we show that the MS-II mock galaxy catalogs (and

by proxy, �CDMpredictions) match the observed projected
separation distribution of luminous satellites. Here, we com-
pare the luminosity function implied by the observed and sim-
ulated samples. While a luminosity function of our volume-
limited observational sample is straightforward to compute,
comparison to the simulation is complicated by the need to
use abundance matching to map galaxy luminosities to halos.
We proceed as described in §3.1, but assign a luminosity to
each halo instead of just computing mass ranges for the pri-
mary and secondary samples. The resulting luminosity func-
tions are shown in Figure 7 for the selection corrected clean
sample (points) and the simulated clean sample (bars).

We do not directly compare the normalization of the lu-
minosity functions, as the selection of primary galaxies for
the SDSS spectroscopic survey results in a highly uncer-
tain survey volume. Instead, we adjust the normalization
of the simulated clean sample to match the observed clean
sample and compare shapes. As the reduced �2 values in
Figure 7 indicate, the luminosity function for secondaries
matches well within the error bars, while the primaries are
marginally deviant. This level of agreement is noteworthy, as
subhalo abundance matching is not well constrained at these
low masses/luminosities. While it is highly effective where
calibrated for the full galaxy sample (Kravtsov et al. 2004;

FIG. 7.— Comparison of luminosity functions. Brighter than Mr <
�20.8, the luminosity function for clean sample primaries is shown as (ma-
genta) points, and selection corrected clean sample secondaries are shown on
the faint end as (blue) points. Error bars on the points are Poisson. Shaded
bars are for the 68 % bounds of the 250 realizations of the simulated clean
sample, again for primaries on the bright end (red) and secondaries fainter
than Mr < �20.8 (green). Luminosities have been assigned to subhalos
with abundance matching, as described in §3.1. Also shown are reduced
⇥2 values for a ⇥2 test comparing the clean and simulated clean samples.
Dashed black curves are the luminosity function from Blanton et al. (2005a).
The simulated clean and Blanton et al. (2005a) curves are scaled to match the
normalization of the clean sample.

Conroy & Wechsler 2009; Moster et al. 2010, and references
therein), abundance matching may not be as effective for bi-
ased subsets of galaxies (e.g. Tollerud et al. 2011). Thus, the
disagreement for the primaries may be due to a preference for
a particular subclass of more or less massive galaxies (e.g.
red/passive vs. blue/starforming) to host secondaries. The
abundance matching does not capture the differing luminosity
functions of these two classes and hence would not match the
observed sample. Alternatively, the bias described at the end
of §3.1 may account for the disagreement, as it would mani-
fest as an enhancement in the observed sample in the faintest
bin. Removing this faintest bin lowers the reduced �2 to 1.1,
suggesting it may be the primary effect.

The luminosity functions in the simulation and observa-
tions agree reasonably well, further suggesting that �CDM
matches the observations. However, this is not necessarily a
strong test compared to that discussed in the previous sub-
section. The (black) dashed lines in Figure 7 show the lumi-
nosity function of Blanton et al. (2005a) in the primary and
secondary regimes. It is clear that the shape of these luminos-
ity functions roughly match the clean observed and simulated
samples. Thus, this primarily shows that the clean samples
very roughly trace the overall luminosity function (the overall
luminosity function implied by the simulations must match
by construction). This is, however, a necessary consistency
check that these samples (and hence �CDM) pass.

4.4. Host Halo Sample Biases
We have shown that the isolated (clean) SDSS sample

matches the simulated clean sample from MS-II remarkably

SDSS DR7: satellites of 
isolated galaxies

halos selected from the 
Millennium-II Simulation

Pair-wise velocity dispersion and radial distribution of 
satellites match MS-II + abundance matching



How I learned to love SQL
• Millennium II: very highly clustered

‣ largest tree file in MS-II has 90 million halos (compare to 500,000 in Millennium) - 
1/6 of all halos in the simulation (!!)

‣ accessing the formation history of an individual halo is often very inefficient 
1156 M. Boylan-Kolchin et al.
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Figure 3. Subhalo assembly histories in the MS-II and mini-MS-II. The
upper set of curves shows the mass in the main progenitor branch of the
most massive z = 0 FOF group for the MS-II (black) and mini-MS-II
(magenta), while the lower set of curves shows main progenitor histories for
subhaloes that are accreted on to the FOF group of the cluster at z ! 2 (solid
lines) and z ! 3 (dashed lines). The horizontal dotted line shows the mass
resolution of MS and mini-MS-II, while the vertical dotted and dot–dashed
lines show the epochs at which the smaller haloes joined the FOF group of
the main cluster in the MS-II.

subhaloes are subjected to strong tides that vary rapidly in time,
can be extremely difficult to capture accurately in simulations of
differing resolution. The excellent agreement between the lower
magenta and black curves demonstrates that the subhaloes have the
same dynamical histories, are assigned the same masses and are
linked in the same way by the merger trees in the two runs.

Fig. 3 also illustrates resolution limitations. As tides strip mass
from the subhaloes, they are lost from the mini-MS-II catalogue and
are considered to have merged with the dominant subhalo, while
they persist as independent subhaloes to z = 0 at the significantly
enhanced resolution of the MS-II. The high resolution of the MS-
II is required to study the fates of subhaloes hosting low-mass
galaxies within larger structures: note that the maximum masses
– approximately 6 " 1011 h#1 M$ – of A and B are quite large,
larger than the halo masses of likely Milky Way progenitors at the
redshift of accretion into the massive halo. A and B are therefore
likely to host galaxies of stellar mass comparable to that of the
Milky Way. At mini-MS-II resolution (i.e. MS resolution), it is not
possible to follow the dynamics of these subhaloes past z ! 1.5
for subhalo B or z ! 0.5 for subhalo A, by which redshifts their
masses have dropped below 1011 h#1 M$. The MS-II captures the
later dynamical history of both subhaloes, even though subhalo A
(subhalo B) retains only 0.06 per cent (1.1 per cent) of its maximum
mass at z = 0. Note that these final masses are considerably smaller
than the likely stellar masses of the associated galaxies, so it remains
unclear how realistic the late-time dynamical evolution actually is
in MS-II.

We can also consider the statistical agreement between the
MS-II and mini-MS-II by comparing stacked subhalo abundances
as a function of host halo mass. Fig. 4 shows the mean number
of subhaloes per host halo in five host halo mass bins for the two
simulations. Resolution effects reduce the number of subhaloes at
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Figure 4. The mean cumulative subhalo abundance per parent halo in the
MS-II (solid curves) and mini-MS-II (dashed curves) in five parent halo
mass bins. The curves for each simulation are plotted down to the 20 particle
resolution limit. There is a deficit in subhaloes at this limit in mini-MS-II
relative to the MS-II due to resolution. At three to five times the minimum
resolution limit, however, the two simulations agree very well, indicating
that subhaloes with more than 100 particles are reliably resolved.

a given subhalo mass in mini-MS-II (dashed curves) relative to the
MS-II (solid curves) for subhaloes with few particles: at the mini-
mum resolvable mass of 20 particles in mini-MS-II, the abundance
of subhaloes is reduced by approximately 30 per cent relative to the
MS-II. The results from the two simulations are in excellent agree-
ment for more massive subhaloes (M sub > 1011 h#1 M$), show-
ing that subhaloes containing at least 50–100 particles are reliably
resolved.

3 STAT I S T I C S O F TH E D E N S I T Y F I E L D

3.1 Power spectrum

At comoving position x and time t, the mass density field can be
expressed as

!(x, t) = !̄(t) [1 + "(x, t)] . (3)

In the standard picture of structure formation in a CDM universe,
the initial density fluctuation field "(x, 0) is taken to be a Gaussian
random field. Its statistical properties are therefore fully specified
by its power spectrum P(k) or equivalently its dimensionless power
spectrum #2(k),

#2(k) % k3

2$ 2
P (k) . (4)

#2(k) measures the power per logarithmic interval in wavenumber;
#2(k) ! 1 therefore indicates that fluctuations in density on scales
near wavenumber k are of the order of unity.

The dark matter power spectrum from the MS-II is shown in
Fig. 5. We plot the results at four redshifts: z = 0 (black curves), 0.99
(magenta), 2.07 (green) and 6.20 (cyan). On large physical scales
(small wavenumber k), the power spectrum follows the prediction
from linear theory (light grey lines). As time progresses, larger and
larger physical scales become non-linear and the small-scale power

C& 2009 The Authors. Journal compilation C& 2009 RAS, MNRAS 398, 1150–1164

Making this plot requires reading and holding 
10 GB of data in memory if using data files; 
requires ~1000 bytes when using the database  

MBK, Springel, White, Jenkins, Lemson 2009
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Figure 2. Top: Mass assembly histories of Milky Way-mass haloes. The
median MAH is shown as a dashed curve, while the grey shaded region
contains 68 per cent of the distribution. Also plotted are the MAHs for the
MS-II versions of the six Aquarius haloes. The Aquarius haloes provide a
fairly representative sample of MAHs; haloes A and C have quiescent merger
histories, while halo F has a recent major merger. Bottom: Vmax accretion
histories from the MS-II. As in the upper panel, the median relation is plotted
as a dashed curve while the ±1! region is shown as the grey shaded region.
The earliest-forming Aquarius haloes in terms of MAHs – haloes A and C –
also assemble earliest as judged by V 2

max, with V 2
max changing by less than

25 per cent from z = 5 to z = 0. Halo F, on the other hand, undergoes a
major merger at z ! 0.4 that changes V 2

max by 25 per cent.

show the MAHs for the Aquarius haloes measured from the MS-II.5

The Aquarius haloes sample the full distribution of MAHs: haloes
A and C form early, halo F forms late and haloes D and E track
the median MAH. Halo B trails the mean MAH at early times but
catches up at z ! 2.

While the MAHs are normalized to unity at z = 0, the 1! scatter
in M(z0)/M(z = 0) grows fairly quickly with redshift, reaching a
factor of 2.5 at z = 2 and 4 at z = 4. The scatter in log(1 + z) at

5Fig. 13 of Boylan-Kolchin et al. (2009) shows that there is excellent agree-
ment between the MAHs of the level 2 Aquarius simulations and the corre-
sponding haloes in the MS-II.

fixed M/M(z = 0) is nearly constant for M/M(z = 0) ! 0.6. As
a result, formation times zf defined with respect to fixed fractions
of the final mass – i.e. M(zf ) = f M(z = 0) – will all have similar
scatter in log(1 + zf ), approximately 0.25, for f < 0.6.

While characterizing the growth of Mvir for a halo that reaches
MW-like masses at z = 0 is useful, it is far from a complete de-
scription of that halo’s assembly history. Many studies have shown
that halo growth occurs inside-out, with the central regions built
up first and the outskirts assembled later (e.g. Fukushige & Makino
2001; Loeb & Peebles 2003; Zhao et al. 2003b; Diemand, Kuhlen &
Madau 2007; Cuesta et al. 2008). Furthermore, defining halo bound-
aries with respect to "#c(z) means that a halo’s virial mass will
increase with time, even in the absence of any physical accretion,
simply due to the redefinition of the boundary. A halo can therefore
grow substantially in Mvir without any appreciable change in the
mass at small radii, where the main baryonic component should lie.
Accordingly, it is useful to find a way to characterize the build-up
of the central regions of haloes in addition to studying the growth
of Mvir.

To this end, we consider the growth of V 2
max in the bottom panel

of Fig. 2. For the sample of Milky Way-mass haloes considered
here, Rmax is on average a factor of 6.1 smaller than Rvir, so V 2

max
probes the mass distribution on a scales "6 times smaller than Rvir.
Additionally, the gravitational potential energy per unit mass of a
halo is proportional to V 2

max, so studying the evolution in V 2
max probes

the growth of the dark matter halo’s central potential. The dashed
curve in the bottom panel of Fig. 2 show the median relation while
the shaded region shows the ±1! scatter. For redshifts z # 10, the
median value of V 2

max(z) can be approximated to within 1.3 per cent
as

V 2
max(z) = V 2

max,0 (1 + z)0.338 e$0.301 z . (4)

Qualitatively, the trend in V 2
max(z) is the same as in Mvir(z): both

grow rapidly at early times and slowly at late times. At a more de-
tailed level, however, the two show important differences in growth.
V 2

max – and consequently, the central potential – approaches its red-
shift zero value much earlier than Mvir: if we define a formation red-
shift zf ,v as the time when V 2

max reaches half of its present value, then
the median zf ,v is approximately 4, in comparison with zf ! 1.2.
This is a reminder that the central potential of a halo is set much
earlier than its virial mass. The scatter in log(1 + z) at fixed V 2

max
is noticeably larger than at fixed Mvir, showing that the spread in
formation times is larger if these are defined using V 2

max rather than
Mvir.

As in the upper panel of Fig. 2, the build-up of V 2
max for the

Aquarius haloes (the coloured lines) spans the range given by the
full sample of MW-mass haloes. Furthermore, the behaviour of mass
growth for individual haloes is matched by that of V 2

max. Haloes A
and C also assemble their central potentials at an early time, while
F forms much later.

A stable central potential is likely to be conducive to disc galaxy
formation and evolution, as potential fluctuations may drive ‘sec-
ular’ evolution and help transform discs into bulges. Haloes A–E
have nearly constant central potentials from z = 1 to z = 0 (in the
case of C, from z = 2), indicating they are possible disc galaxy
hosts. Halo F, which experiences a late major merger, would likely
host a spheroid-dominated galaxy. These expectations are generally
borne out by SPH simulations of the Aquarius haloes by Scanna-
pieco et al. (2009). Using a dark matter mass resolution 2–3 times
better than that of the MS-II, they find that haloes C, D and E all have
well-defined discs and that haloes A and B also contain (smaller)
discs, while halo F has a spheroid with no disc at all.

C% 2010 The Authors. Journal compilation C% 2010 RAS, MNRAS 406, 896–912

Dashed: median mass accretion history
Shaded: 68% of data

Mass accretion histories for 
thousands of Milky Way-mass halos

MBK, Springel, White, Jenkins (2010)



Binned subhalo mass functions

MBK, Springel, White, Jenkins (2010)

Statistics of Milky Way-mass haloes 903

Figure 5. The differential subhalo mass function. Data from the 2039 MW-
mass haloes in the MS-II with 1012 ! Mvir/h

"1 M# ! 1012.5 are shown
as the black data points, while the best-fitting relation using equation (8)
is shown as a dotted black line. Results are plotted both for redshift zero
subhalo masses (Msub, lower points) and for masses at accretion (Macc,
upper points; offset 0.5 dex vertically for clarity). Extrapolation of the MS-
II results to low µ agrees well with results from the individual level 2
Aquarius simulations (coloured lines).

the MS-II and Aquarius data is relatively small, extrapolating the
fit from the MS-II data to low µ agrees extremely well with the
Aquarius data all the way to the Aquarius level 2 resolution limit,
µ $ 10"6.

We also use equation (8) to fit the subhalo mass function com-
puted in terms of Macc. The comparison of MS and MS-II results in
Guo et al. (2010) suggests that Np(zacc) ! 1500 per subhalo is re-
quired to obtain converged results for Macc. We are therefore able to
probe %N (> µacc)& only for µacc ! 10"2. This limited range makes
the determination of the slope a using the MS-II data alone nearly
impossible. Giocoli et al. (2008) have suggested that this slope is
close to that of the redshift zero cumulative mass function, and we
also fit µacc with equation (8) holding a fixed to "0.935, the value
obtained from fitting the differential mass function for Msub. A good
fit can be obtained with !µ1 = 0.038, µcut = 0.225 and b = 0.75 and
is plotted as the upper dotted line in Fig. 5. Again, the extrapolation
of the MS-II fit to low masses agrees very well with subhalo mass
functions computed directly from the level 2 Aquarius simulations
(upper set of solid curves). This shows that our adopted value of a
is indeed appropriate.

The corresponding cumulative subhalo mass functions are plotted
in Fig. 6 for redshift zero subhalo masses (Msub, lower solid curve)
and for subhalo masses at accretion (Macc, upper solid curve). The
dotted lines show equation (7) with parameters taken directly from
fits to the differential mass functions (i.e. we do not fit the cumula-
tive mass functions independently). These curves are excellent rep-
resentations of the data for occupation numbers %N (> µ)& ! 0.03.
At lower N, the presence of a very small number of ongoing major
mergers results in an excess cumulative abundance compared to the
fit for Msub.

The abundance of subhaloes as a function of Vmax is a related
quantity, and one that is often used when comparing simulation
data to observations because Vmax is less affected than Msub by
the dynamical evolution of a subhalo within its host. Fig. 7 shows

Figure 6. The cumulative subhalo mass function for MW-mass haloes hav-
ing 1012 ! Mvir/h

"1 M# ! 1012.5. Results are shown in terms of both
Msub,0 (lower solid line) and Macc (upper solid line). The dotted curves
show equation (7) using the parameters determined by fitting the differential
mass functions (Fig. 5).

Figure 7. The cumulative subhalo velocity function for MW-mass haloes
having 1012 ! Mvir/h

"1 M# ! 1012.5 (solid line), plotted in terms of ! '
Vmax/Vvir,host. The dotted line shows the analog of equation (7), determined
by fitting the differential velocity function; the best-fitting parameters are
given in the figure.

the cumulative abundance of subhaloes, %N (> !)&, in terms of
! ' Vmax/Vvir,host (solid curve). It exhibits the same behaviour as
%N (> µ)&: a power law at low ! with an exponential cut-off at
high !. By fitting the differential velocity function (to ensure that
errors in each bin are uncorrelated) to the same functional form
as in equation (8) and converting the fit to the cumulative velocity
function, we find that the slope of %N (> !)& is "2.98 at low ! and
that %N (> !)& = 1 at ! $ 0.4; this fit is shown as the dotted line in
Fig. 7. This low-! slope is in good agreement with results from the
individual, high-resolution Aquarius and Via Lactea simulations.

C( 2010 The Authors. Journal compilation C( 2010 RAS, MNRAS 406, 896–912



Additions to tree pointers from MS to MS-II
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Additions to tree pointers from MS to MS-II
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Functions and functionality I learned to love

• insert into

‣ personal databases allow very customizable data storage and access

• rank () over (partition by)

‣ use this often to find halo properties at a specific time (e.g., when Vmax or mass is 
maximized) along a main progenitor branch for ensembles of halos

• row_number() over

‣ rank objects at different redshifts, then compare easily across redshifts

• create your own function

‣ example: distance between two points, taking into account periodic boundaries

CREATE FUNCTION distance 
(
@boxsize FLOAT,
@x1 FLOAT, @y1 FLOAT, @z1 FLOAT,
@x2 FLOAT, @y2 FLOAT, @z2 FLOAT
)
RETURNS FLOAT AS
BEGIN
RETURN 
POWER( 
POWER(ABS(@x1-@x2)-@boxsize*FLOOR(abs(@x1-@x2)/@boxsize*2.0),2.0)+
POWER(ABS(@y1-@y2)-@boxsize*FLOOR(abs(@y1-@y2)/@boxsize*2.0),2.0)+
POWER(ABS(@z1-@z2)-@boxsize*FLOOR(abs(@z1-@z2)/@boxsize*2.0),2.0)
,0.5)



Sixty papers have directly used MS-II data



Thank you to everyone involved!


